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Ways to Prove Two 
Triangles Congruent
 SSS
 SAS
 ASA
_____
 AAS
 HL
(LL,HA,LA)

Similar
AA(A)

No Conclusion
SSA

Postulates:

Theorems:

Sheet 424: Triangle Congruency Postulates

Postulate 12 (SSS)
If three sides of one triangle
are congruent to 
three sides of another triangle, 
then the triangles are congruent.

Postulate 13 (SAS)
If two sides and the included angle of one triangle
are congruent to
two sides and the included angle of another triangle,
then the triangles are congruent.

Postulate 14 (ASA)
If two angles and the included side of one triangle 
are congruent to 
two angles and the included side of another triangle,
then the two triangles are congruent.

Angle-Angle-Side (AAS) or SAA     

T2



 
Two objects are congruent if they have the same size and shape.  
 
Two polygons/triangles are congruent if and only if their 
vertices can be matched up so that corresponding angles and sides 
of the polygons/triangles are congruent.   
 
Vertices are listed in order of correspondence. 
 
 
 
The figures shown are congruent. Write two statements that 
describe the congruence. 

 
 
 
 
 
 

 
 
CPCTC = Corresponding Parts of Congruent Triangles are Congruent,

 Angles and sides are called “parts” . 
 
Triangles are Congruent if and only if Corresponding Angles and Sides are Congruent.  TAC 

CASC  

3 pairs of angles and 3 pairs of sides are congruent in two congruent triangles. 
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Sheet 423: Triangle Congruency Investigation   Name: _________________________ 
 
Material: Patty paper (6 in2), scissors, straightedge, pencil, tape (optional). 
Objective:  Explore the cases for which two triangles are congruent if given only three corresponding parts. 
 
A whole original triangle is given for each activity.  Triangle A covers activities 1 through 3. 
 
For each activity, three parts of another triangle (or triangles) are drawn. The parts are congruent with the corresponding 
parts of the given original triangle.   
 
Instructions 
 
a) Trace the parts of the triangle onto a patty paper. Trace the lines and dots. Use a straightedge. 
 
b) Cut the patty paper into its three separate parts.  Only make two cuts (don’t trim).  Leave space to extend angle rays. 
 
c) Arrange the pieces into a triangle. The rays extending from an angle may need to be extended (or overlapped).   
Sides have to terminate at a given angle. That is, the dots have to match up. 
IMPORTANT:  Pay attention which angles or sides are included (between the two other parts). Be sure to put the parts in 
the correct sequence in activities 4, 5, and 6. 
 
d) Is your triangle congruent to the original triangle? 
 
e) Try to rearrange the parts into another triangle.  
 
f) Can you make another triangle from the three parts that is not congruent with the original triangle? 
 
g) If you can make a triangle that is not congruent with the original triangle, you have a counter example.  To keep it, 
trace it onto a new piece of patty paper, or tape it together.  
 
h) Fill in the conjectures below. 
 
 
 
Triangle Congruence Shortcut Conjectures 
 
 
Triangles in the following cases must be congruent: 
 
SSS?  AAA?  SAS?  ASA?  AAS? (SAA)  SSA? 
 
Triangles in the following cases may or may not be congruent: 
 
SSS?  AAA?  SAS?  ASA?  AAS? (SAA)  SSA? 
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Three postulates and one theorem serve as shortcuts to proving 
that two triangles are congruent. For many triangles, we only need 
to know about three of the six “parts,” for example that pairs of 
2 angles and 1 side are congruent.  The postulates are given here. 

 
 
Postulate 12 (SSS) 
If three sides of one triangle are congruent to three sides of another triangle, then the 
triangles are congruent. 
Postulate 13 (SAS) 
If two sides and the included angle of one triangle are congruent to two sides and the 
included angle of another triangle, then the triangles are congruent. 
Postulate 14 (ASA) 
If two angles and the included side of one triangle are congruent to two angles and the 
included side of another triangle, then the two triangles are congruent. 
 

 
 
Can the two triangles be proved congruent? If so, write the congruence and 
name the postulate used. If not, write no congruence can be deduced. 
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Decide whether you can deduce by the SSS, SAS, or ASA Postulate that another triangle is congruent to triangle 
ABC. If so, write the congruence and name the postulate used. If not, write no congruence can be deduced. 

           
Solution  
Congruence:  VABC ≅VNPY  
 
Postulate:  Angle-Side-Angle 
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Construction 5: To copy a triangle 
The compass-and-straightedge constructions for copying an angle and copying a 
triangle are almost the same. 

 
 

 
Exercise 
1. Using compass and straightedge, construct a triangle congruent to  VJKM . 
 

 
 
Given two angles with measures x° and y°.  
11. Construct an angle with measure x + y.  
 
 
 
 
 
 
12. Construct an angle with measure x – y. 
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 (Two-column or paragraph proof should be provided next.) 
 
All of the statements and reasons for the following proofs have been provided. 
Number the statements and the reasons in an appropriate order. (There may be 
more than one correct order.) 
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A1. Complete the following proof. 

 

 
 
 
1. Complete the following proof. 

 
 
 
In some proofs, it is helpful to plan the proofs by reasoning backward. 
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Isosceles triangles are defined as having at least two sides 
congruent.  Isosceles triangles have special names for their parts. 

The congruent sides are called legs. 
The third side is called the base. 
The angle opposite the base is called the vertex angle. 
The angles adjacent to the base are called base angles. 

 

Base Angles in an Isosceles Triangle 
Materials: patty paper, a straightedge, a protractor 
 
Let’s examine the angles of an isosceles triangle. Each person in your group should 
draw a different angle for this investigation. Your group should have at least one acute 
angle and one obtuse angle. 
 

 

 
 
 
 

 
     (Theorem 4–1: The Isosceles Triangle Theorem.) 
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Is the Converse True? 
 
Suppose a triangle has two congruent angles. Must the triangle be 
isosceles? 
 
 

    
 
 

 
 
 
Find the missing measures. 

 
 

 
 

 

(Theorem 4–2: The Isosceles Triangle Theorem Converse.) 
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Hydrogen Sulfide. One of the reasons that rotten eggs stink is 
hydrogen sulfide. The hydrogen sulfide molecule consists of a 
sulfur atom bonded to two hydrogen atoms.  (The Architecture 
of Molecules, by Linus Pauling and Roger Hayward (W. H. 
Freeman and Company, 1964).)  H stands for hydrogen. The 
two hydrogen atoms are labeled H1 and H2. 

 
 

 
 

 
 

 
 
 
 
 
 
 
 

 
 
 
 
 

 

40b. Find the distance between H1 and H2. 
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Prove Corollary 3 to Theorem 4–1.  
(Number the statements and the reasons in an appropriate order.) 
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51. Write a complete proof. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
52. Write a complete proof. 
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Theorem 4–3: AAS Theorem 
If two angles and a non-included side of one triangle are congruent to the 
corresponding parts of another triangle, then the triangles are congruent. 

Proved using the triangle sum theorem (∠A  and ∠Dmust be ≅ ) and ASA Postulate.  
 
Theorem 4–4: HL Theorem 
If the hypotenuse and a leg of one right triangle are congruent to the corresponding 
parts of another right triangle, then the triangles are congruent. 
 

 
State which congruence method(s) can be used to prove the triangles congruent. 
If no method applies, write none. 
 
Set A:  

 
 
Set B: Yes, it’s really true: the question numbers are duplicates. Can you handle it? 
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Example  For overlapping triangles, redraw the triangles. 

  
 

   
 
For each exercise, name a pair of overlapping congruent triangles. State which congruence method can be 
used to prove the triangles congruent. If no triangles can be proved congruent, write none.

 
 
Redraw! 
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Write proofs in two-column form. A square has congruent sides and right angles.

 

T23



 

T24



 
Prove two triangles congruent by first proving two other triangles congruent. 
Don’t rush through this page even though it has no questions. 

 
 

 
 

 
 

 

 

 
 

 
 

 

Use CPCTC twice 

Paragraph proofs focus on key ideas 

Use two congruency postulates 
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 

 
 
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6–4 Inequalities for One Triangle 
Theorem 6–2   Triangle Angle-Side Size-Ordering Theorem 
If two sides of a triangle are unequal, the angles opposite them are unequal in the 
same order. 

Theorem 6–3   Triangle Angle-Side Size-Ordering Converse 
If two angles of a triangle are unequal, the sides opposite them are unequal in the 
same order.  

Corollary 1: The perpendicular segment from a point to a line is the shortest 
segment from the point to the line.  

 
Plan for proof of Theorem 6–2: 
Euclid observed the following.  The shorter side, AC, is copied along the longer side 
CB as CD. AD is then drawn to form an isosceles triangle.   Euclid's proof is based on 
observing that m∠CAB > m∠1  and m∠1 = m∠2 ; so m∠CAB > m∠2 . But 
m∠2 > m∠B ; so m∠CAB > m∠B . 
 

 
 

Theorem 6–2 
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As obvious as it may seem, the 
Triangle Inequality has found 
widespread use in many areas of 
mathematics including calculus.  Above is from a proof in a college course in Real Analysis. 

Theorem 6–4   The Triangle Inequality 
The sum of any two sides of a triangle is greater than the third side. 
 

 
 

 
 

 
 

 
 

 

Exercise: explain the steps 
of Euclid’s proof of The 
Triangle Inequality. 
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Sheet #471: Concurrent Lines and Centers of Triangles     v.2.4 
Concurrent lines are three or more lines that intersect at a point. 

Point of 
concurrency 

A point where 
three or more lines 
meet 

Points of 
concurrency 
of a triangle 

Triangle 
Centers 

Theorems More theorems 
/ Constructions 

Bisector of an 
Angle 

A ray or segment 
that divides an 
angle into two 
congruent adjacent 
angles 

Angular 
Bisectors 
intersect at 
this point 

Incenter 
(I) 

The point 
equidistant from 
the three sides of 
a triangle 
(Theorem 10–1) 

The center of the 
incircle (the circle 
inscribed in the 
triangle) 

Perpendicular 
Bisector of a 
segment 

A line or ray (or 
segment) that is 
perpendicular to a 
(another) segment 
at its midpoint 

Perpendicular 
Bisectors 
intersect at 
this point 

Circumcenter 
(C) 

The point 
equidistant from 
the three vertices 
of a triangle 
(Theorem 10–2) 

The center of the 
circumcircle 
(circle 
circumscribed 
about a triangle) 

Altitude of a 
triangle 

The perpendicular 
segment from a 
vertex to the line 
that contains the 
opposite side 

Altitudes 
intersect at 
this point 

Orthocenter 
(H) 

  

Median of a 
triangle 

A segment from 
the vertex to the 
midpoint of the 
opposite side 

Medians 
intersect at 
this point 

Centroid, 
Geometric 
(G) 

The point that is 
2/3 of the 
distance from 
each vertex to 
the midpoint of 
the opposite side 
(Theorem 10–4) 

Point of balance 
of a triangle with 
uniform mass 
(center of mass or 
center of gravity) 

Euler Line The line that 
passes through the 
circumcenter, 
orthocenter, and 
centroid 

    

Distance from a 
point to a line 

The length of the 
perpendicular 
segment from the 
point to the line 

    

 
Incenter Circumcenter Orthocenter Centroid, Geometric Euler Line 

     
 

• A point is on the perpendicular bisector of a segment if and only if  
it is equidistant from the endpoints of the segment. 

Theorems 4–5 
and 4–6 Bisector-

Distance 
Theorems • A point is on the bisector of an angle if and only if  

it is equidistant from the sides of the angle. 
Theorems 4–7 
and 4–8 

• For isosceles triangles only, the Euler line passes through the incenter, circumcenter, orthocenter, and 
centroid (I, C, H, G).  All four centers coincide in an equilateral triangle. 
• The distance from the Centroid to the Circumcenter is 1/2 the distance from the Centroid to the Orthocenter. 
• There are more than one hundred named triangle centers. 

1.3, 1.4, 4.7, 10.3, 13.7 
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Sheet 1031: Folding Perpendiculars and Bisectors 

Investigation 1: Patty-Paper Perpendiculars 

 
Investigation 2: Perpendicular Bisectors of a Segment 
To find the perpendicular bisector of AB  instead, fold the paper so that points A 
and B coincide (land exactly on to of each other).  The crease is the perpendicular 
bisector (a line). A point is on the perpendicular bisector of a segment if and only if it 
is equidistant from the endpoints of the segment. 
 
Investigation 3: Angle Bisecting by Folding 
Each person should draw his or her own acute angle for this investigation. 

 

You can use this construction to 
find an altitude of a triangle. An 
altitude of a triangle is a 
perpendicular segment from a 
vertex to the opposite side or to a 
line containing the opposite side. 

The length of the altitude is 
the height of the triangle. A 
triangle has three different 
altitudes, so it has three 
different heights. 
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Biconditional of 
Theorems 4–5 & 4–6 
 
 
 
Biconditional of 
Theorems 4–7 & 4–8 
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Sheet 1032: Folding Points of Concurrency 

 
Investigation 4: Folding Concurrence 
In this investigation you will discover that some special lines in a triangle have points 
of concurrency.  As a group, you should investigate each set of lines on an acute 
triangle, an obtuse triangle, and a right triangle to be sure that your conjectures apply 
to all triangles. 

 

 

 
 

The point of concurrency for the three angle bisectors is the incenter. The point of 
concurrency for the perpendicular bisectors is the circumcenter. The point of 
concurrency for the three altitudes is called the orthocenter. Use these definitions to 
label each patty paper from the previous investigation with the correct name for each 
point of concurrency. Medians also form a point of concurrency. 
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10–3 Concurrent Lines 
Theorem 10–1   Incenter Theorem 
The bisectors of the angles of a triangle intersect in a point that is 
equidistant from the three sides of the triangle. 

Theorem 10–2   Circumcenter Theorem 
The perpendicular bisectors of the sides of a triangle intersect in a 
point that is equidistant from the three vertices of the triangle. 

Theorem 10–3   Altitude Concurrency Theorem (Orthocenter) 
The lines that contain the altitudes of a triangle intersect in a point. 

Theorem 10–4   Geometric Centroid Theorem 
The medians of a triangle intersect in a point that is two thirds of the 
distance from each vertex to the midpoint of the opposite side. 

 
Set A. 

(duh) 
 

 
 
 
Set B.  Exercises 2–5 refer the diagram in which the medians of a 
triangle are shown. 

 
 
9. Three towns, located as shown, plan to build one recreation center to serve all three 
towns. They decide that the fair thing to do is to build the center equidistant from the 
three towns. Where would that be?  Comment about the wisdom of the plan. Propose a 
fair location for the center. 
 
 
 

 

Thm 10–1 

Thm 10–2 
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Sheet #473: Triangle Center study cards 
 
 
 
Points of concurrency 
of a triangle 

Triangle Centers Theorems More theorems 
/ Constructions 

Figures 

Angular Bisectors 
intersect at this point 

Incenter (I) The point equidistant from 
the 3 sides of a triangle 

The center of the 
incircle  

 

Perpendicular Bisectors 
intersect at this point 

Circumcenter (C) The point equidistant from 
the 3 vertices of a triangle 

The center of the 
circumcircle  

 

Altitudes 
intersect at this point 

Orthocenter (H)   

 

Medians  
intersect at this point 

Centroid (G) The point that is 2/3 of the 
distance from each vertex 
to the midpoint of the 
opposite side 

Point of balance of a 
triangle with uniform mass 

 

 Euler Line The line that passes 
through the circumcenter, 
orthocenter, and centroid 
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Sheet 474: Mix and Match Geometric Constructions 

 
 

 
 

 
 

 

For Exe rcises 2 1-3 I, mat ch each geometric cons tru ction wit h one of th e figu res belu" . 

21. Construct ion of a perpe ndi cula r bisec to r 

22. Cons truction of an angle bisec to r 

23. Co nstruction of a perpendicu lar from a point to a line 

24. Construction of a perpend icu lar through a point on a line 

25. Constru ction of a line parali el to a give n line through a g i\ 'en point not on the line 

26. Co nstruction of an equil a teral tr iangle 

27. Cons truction of an alt itude in a tri angle 

28. Co nstruction of a cen tro id 

29. Construction of an incen ter 

30. Construction of an orthocen ter 

31. Const ruction of a circumcenter 

b. c. d . 
, 
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Self-Test 3 
Set A    (4–6, 4–7) 

 
 
 
Set B    (6–4) 

 
 
Set C    (10–1, 10–2, and 10–3) 
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Self-Test Answers 
 
Self-Test 1 
 

 
 
Self-Test 2 
 

 
 
Self-Test 3 
 
Set A 

 
 
Set B 

 
 
Set C 
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