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Euclid of Alexandria  
 
Euclid was active during the reign of Ptolemy I (323–
283 BCE). In Greek Εὐκλείδης means renowned. 
 
 

 
 
 
 
The Premises for Logical Arguments 
 

I) Given information. 
II) Definitions and undefined terms. 

III) Postulates. Properties of arithmetic, algebra, 
equality, and congruence. 

IV) Theorems that have already been proved. 
 

Euclid's Postulates 
 
1. A straight line segment can be drawn joining any two 
points. 
 
2. Any straight line segment can be extended indefinitely in 
a straight line. 
 
3. Given any straight line segment, a circle can be drawn 
having the segment as radius and one endpoint as center. 
 
4. All right angles are congruent. 
 
5. If two lines are drawn which intersect a third in such a 
way that the sum of the inner angles on one side is less than 
two right angles, then the two lines inevitably must intersect 
each other on that side if extended far enough.  

 
 
*Postulate 5 is the parallel postulate.  Non-Euclidean 
geometries can be created in which the parallel postulate 
does not hold.  
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Sheet#0251: Beginning Postulates, Properties, and Theorems 
 
 Segment Addition Postulate (#2) AB + BC = AC  
 Angle Addition Postulate (#4) m∠AOB +m∠BOC = m∠AOC  
1 Addition Property of Equality If a = b and c = d, then a + c = b + d 
2 Subtraction Property of = If a = b and c = d, then a – c = b – d 
3 Multiplication Property of = If a = b then ca = cb 
4 Division Property of = If a = b then a/c = b/c for c ≠ 0  
5 Substitution Property of = If a = b then a or b may be substituted for 

the other in any equation. 
6 Reflexive Property of Equality a = a  
7 Symmetry Property of = If a = b, then b = a 
8 Transitive Property of = If a = b and b = c then a = c  
9 Reflexive Property of Congruence AB ≅ AB  (and likewise for angles) 
10 Symmetric Property of ≅  If AB ≅ CD thenCD ≅ AB  
11 Transitive Property of ≅  If AB ≅ CD and CD ≅ EF  then AB ≅ EF  
 Midpoint Theorem (2–1) If M is the midpoint of AB then 

AM = ½ AB and MB = ½ AB 
 Angle Bisector Theorem (2–2)  If BX

u ruu
 is the bisector of ∠ABC then 

m∠ABX = ½m∠ABC and  
m∠XBC = ½m∠ABC 

 Vertical Angle Theorem (2–3) Vertical angles are congruent. 
 Theorems on Perpendicular Lines 

(2–4 & 2–5, and 2–6) 
• Two lines are perpendicular if and only 
if they form congruent adjacent angles. 
• If the exterior sides of two adjacent 
acute angles are perpendicular, then the 
angles are complementary. 
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1-5 Postulates and Theorems 
Relating Points, Lines, and Planes 

ObJective: USe postulates and theorems relating poims, lines, and planes. 

poslulate 

theorem 

II basic assumption accepted without proof 

w,. 
II statement tha t can be proved using postulates, 
definitions, and previously proved theorems 
there is al [east one 

unique 

one and only one 
delfnnlne 

the re is no more than one 

eJlactlyone 

10 define or specify 

Relation . bips bd'll'ttll point. 
TWo poi Dts mUSI be coll inear. (Postulate 6) 
Three points may be colli near or "oncoll inear. 
Th ree poims mU~1 be coplanar. (Post ulate 7) 
Three noncollinear points de termine II plane. 

(Postulate 7) 
Four points may be roplanar or nonooplanar. 
Four noncuplanar points de termine space. 

(POIIlulate 5) 
Space contai ns at least four ooncoplanar points. 

Thra: ..... 15 ... determine a plane 
Thr« noncollinear poinls detennine II plane. 

( Pos tulale 7) 
A line and a poin t nol on the line determine a 

plane . (Theorem 1~2) 
Two imero;ecl ing lines delcnnine a plane . 

(Theorem 1~3) 

ClaMiry nch 81>1 _ nt a~ tnK Of" r.l.w. 

16. The inlersection of a line and a plane may be 
Ihe line itself. 

18. Two poin tJ can determine \WI) lineJ. 
20. Postulate! arc statemcnlJ to be proycd. 
22. A line and a point not on il determine one 

plane. 
U . Line I always has al least two poinlS on il. 
26. Any three points are always coplanar. 

2Il. TWI".I intc~cting lilies determine a plane. 
)(I. If poinls A, B. C. and Dare nonroplanar, 

t~n nO one plane rontail15 all four oflhem. 
J2. Th«:e planes can intersect in c:xactly one 

point. 

Relationship. be'''ffn hn o Jines In the same 
plane 
Either two lines are parallel, or they inlcrsect 
in exactly one point. 

/ x l 
Rel a t lons hlp~ beIWe.' n a li ne a nd II plane 
Either II line and a plane arc parallel, or they 
inlersect in exaetly one poinl, Or the plane 
contains the line. 

Rd ati-onships betwffn ' ''0 planes 
Eit" er two planes are parallel, or they intersect 
in a line . 

00 
11. Three noncollinear points determine 

aaClly one line . 
19. n.,·o lines can inter5CCI in aactly one point. 
21. Two points dele rmine a plane. 
B . A plane contains at leUII" rce nonoollinear 

points. 
2S. Theorems are SlalcmenlJ to be proved. 
27. It is possible Ihm points P and Q are in 

plane !It but PO ;, not . 
29. T","O planes can inler.;.ecl in two lines. 
J 1. T","O planes can inler.;crt in exactly one 

point. 
J J. A line and a plane can in ter.;crt in c:xaclly 

one point. 
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Properties of Equality: Addition Property of Equality, Subtraction Property of 
Equality, Multiplication Property of Equality, Division Property of Algebra, and 
Substitution Property of Equality. 

 

 
 

  
 

  
 
Notice that the properties of equality listed above are used only on numbers and 
variables. Some properties used in geometry apply to both equality and congruence. 

 
 
Complete the following proof by supplying the missing statements and reasons. 
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Complete the following proofs by supplying the missing statements and reasons. 

 
 
 

 
 
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7. Gi ven: L AOD as shown 

Prove: m L AOD ~ m L I + m L 2 + m L 3 40/ 
~ Proof: 

Statements 

I. m L AOD ~ ", L AOe + m L3 

2. m L AOe ~ rn L 1 + m L 2 

3. 

8. Given: FL ~ AT 

Prove: FA ~ LT 

Proof: 

Statements 

I. 

2. LA LA 

3. FL + LA ~ AT + 
4. FL + LA ~ FA ; 

LA + AT ~ LT 

5. , 

LA 

9. Gi ven: DW ~ ON 

Prove: DO ~ WN 

Proof: 

Statements 

I . DW ~ ON 

2. DW ~ DO + OW; 
ON ~ _ , _ + _,_ 

3. 

4. OW 

5.~ 

OW 

10. Given: m L 4 + m L 6 

Prove: m L 5 ~ mL6 

Proof: 

Statements 

I. m L 4 + m L 6 180 
2. m L 4 + m L 5 180 
3. m L 4 + m L 5 m L 4 

4. m L 4 m L 4 

5 . 

180 

+ m L 6 

F 

Reaso ns 

I. 

2. 

3. 

L 

Reaso ns 

I. Given 

2. 

3. 

4. 

5. Substitution 

o D 

A 

Prop . 

D 0 

~ 

Reaso ns 

I. 

2. 

3. S ubst itu tion Prop . 

4. ? 

5. 

K 

• 4~ J L 

Reasons 

I. 

2. 

3. 

4. 

5. 
., 

T 
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Write two-column proofs. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

28. Some facts about the maximum banking angles of 
Daytona International Speedway at comers 1, 2, 3, and 4 
are at the right. Find m∠3 . Explain your steps. 
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Midpoint Theorem and Angle Bisector Theorem. 
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Complete the following proofs by supplying the missing statements and reasons. 
 

  
 

 
 
 
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2-4 Special Pairs of Angles 
ObJectlv • • : Apply the definitions of complementary and supplementary angles. 

State and use the theorem about vertical angles. 

complementary angles Two angles whose measures have the sum 90 are complementary. 

supplemental')' a ngles Two angles whose measures have the sum ISO are suppleme ntary. 

x y 

mLX + m L Y = 90 
L X and L Y are complementary. 
L X is a compleme nt of L Y. 

In the diagram, L CXD is a right a ngle. Name: 

1. another right angle. 
2. two congruent supplementary angles. 
3. two noncongrucnt suppleme ntary angles. 
4. two complementary angles. 

Example f 
, LC and LD are complementary, m Le - 3y - 5, and 
m L D = y + 15. Find IhevaJueofy,m LC, andmLD. 

Solution 
mLC + m L D =- 90 

(3y - 5) + (y + 15) = 90 
4y + IO=90 

4y = 80 
y = ' 20 

Example 2 

m Le: 3y - 5 
: 3(20) - 5 
= 60 - 5 
= 55 

A 

E 

~~ ,. U 

mLT + m LU - ISO 
L T and LV are supplementary. 
L T is a supplement of L U. 

H 
X C 

o 

m L D = y+ 15 
= 20 + 15 
-35 

A supplement of an angle is seven times a complement of the angle. 
Find the measures of the angle, its complement, and its supplement. 

Solution 
Let x be the measure of the angle. Then 90 - x is the measure of its 
complement, and 180 - x is the measure of its supplement. 
180 - x -7(90 - x) 
180 - x "'" 630 _ 7x measure of angle - 75 

6x _ 450 measure of complement = 90 - x '" 90 - 75 - 15 
x'" 75 measure of supplement ". 180 - x'" 180 - 75 - 105 

LA and L B are supplemenlary. Find Ihe value or x, m L A, and m L B. 

5. m LA :: 3x, m L B = x + 20 6. m L A = x + 11 ,mL8 - 2x - 5 

L C and L D are complemenlary. Find the value or y, m LC, and m L D. 

7. m LC =y + lI,m L D = 2y - 5 8. m L C = 3}' + S,m L D = 2}' + 10 
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Use the given inrormation to write an equation and solve the problem. 

9. Find the measure of all angle that is 10. A supplement of an angle is four times as large 
twice as large as its complement. as the angle. Find the measure of the angle. 

II. The mea!ure of a complement of an angle is three more than 
twice the measure of the angle. Find the measures of the angle 
and its complement. 

Theorem 2-3 
Vert ical ang~ an rongnxnt . 

Given: L I lind L 2 are venical Ingles 

Pro\'e: L I :r; 2 

Proof : 

Statements 

I. m L I + m L 3 = 180: 
m L 2 + m L 3 180 

2. m L 1+ m L 3 Ifl L 2 + m L ) 

J . m £. 3 m i. 3 

Reason. 

I . Angle Addition PoslullilC 

2. S ub~lIlu ti(m Prop. 

3. Reflexive Prop. 
4 . m L I - m L 2. or L I i!: L 2 4 . Suhln.etioo Prop. of = 

Exam,.:1 In the dil,Tam,AZ hi5C:Cl$ LYAU . 
•• Name three angles conyuenl lO LYAZ. 
b. Find the value or x. 

SoIuUon 
• • L YAZ . L ZAU . t. WAX . t. WAV 

b. x - 10 - SO. lOX - 60. 

Find the value or x. 

12. 

(b - 5)' 

". 
" . • ~14. 

(2t ;:>_"'.~:.~.t 

~ 

In the dIagram, OC bisects LlJOD. m L BOD 
In L BOA - 40. Find: 

90, and 

15.* . 65' 
'if 

" 
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23. Copy everylhing shown . Complele Ihe proof. 

Given : L 2 ::: L 3 
Prove: L I ::: L 4 

Proof: 

Statemenls 

I. L I - L 2 
2, L 2 - L 3 
3. L 3 == L 4 

Reasons 

I. " 

2. ? 

3. ? 

4. ? 4 . Transi li ve Properly (used Iwice) 

Find the values of x and y 
32. 

x' (lx - 8)· 
(2y- 17)· 

18. Miriam the Magnificent p laced four cards face up (the first four cards shown 
below). Blindfolded, she asked someone from her audience to come up to the stage 
and tum one card 1800

. 

: .. ~ .. ~ "'" "'" 
~, , , : .. ~ .. ~ "'" "'" 

~, , , 
• "'""'" 

, , • "'""'" 
, , . . ' t • •• , .. ... g • •• L . .' t • •• , .. .. . g • •• L 

Before tll rn ftc r turn 

Miriam removed her blindfold and claimed she was able to determine which card 
was tumed 180°. What is her trick? Can you figure out which card was hlmed? 
Explain. 

4 
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For the following questions, use the diagram to the right.
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I. Complete the proof o f Theorem 2-4: If two lines arc 
perpendicu lar, then they form congruent adjacc1I1 
angles . 

Given: I .L " 
Prove : L I , L 2, L 3, and L 4 are co ngruent ang les . 

Proof: 

Statements Reasons 

I. /.in I. 

2. L I . L 2. L 3 . L 4 are 90° 6. . 2. Definition of _ ' _ 

3. L I . L 2. L 3. L 4 are == a. 3. Definition of _ "_ 

2 

J 4 

13. Copy and complete the proof of Theorem 2-6: If the exterior s ides of two 
adjacent acute angles arc perpendicular. then the angles are complementary. 

~ ~ 

Given: OA .1 OC 
Prove: L AOB and L BOC arc compo 6. 

Proof: 

Statements Reasons 

AlL 
o c 

~ ~ 

1.0A ~ OC I. ? 

2. m L AOC = 90 2. Def. of ~ lines 

3. m L AOB + m L BOC == m L AOC 3. 
, 

" 4. 

5, 

4 . Substitution Prop . , 5, Dcf. of compo 

28. Copy everything shown and write a two-column 
proof. 

Given : AD 1. CO 
Prove: L I and L 3 are camp . .6.. 

.. 

A 

" 

Here is an interesting definition : 

A wolf pack is two wolves or is a wolf 
pack together with a wolf. 

36, Accocding 10 this dellnition, how many 
wolves are in a pack? 

37. VVhy is it appropriate that this defin ition 
is used as an example in a book titled 
Keys to Infinity?' 

'Keys 10 Illfinity, by Clifford A. l'ickover (Wiley, 1995). 
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 Theorems on angles supplementary or complementary to congruent angles. 
As you have seen in the last few sections. a proof of a theorem consists of five parts: 
1. Statement of the theorem 
2. A diagram that illustrates the given information 
3. A list, in terms of the figure, of what is given 
4. A list, in terms of the figure, of what you are to prove 
5. A series of statements and reasons that lead from the given information to the 
statement that is to be proved. 
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(a) Write the proof.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) What do we know about ∠ADC , ∠BDC , and ∠CBD ? Are they congruent 
to other angles? 
 
 
(c) How is AC/AB related to AD/AC? 
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